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Overview

In these notes, a detailed discussion of the Theis model of an aquifer response to pumping
is presented, along with the analyses that are based upon it. The Theis model is the
foundation of pumping test interpretation. When applied appropriately, the Theis model
yields representative estimates of the bulk-average transmissivity of a formation. The
Theis model incorporates a set of relatively restrictive assumptions. Although some of
these assumptions may be violated to varying degrees during actual tests, the Theis model
has enduring value as a benchmark against which the observed responses to pumping can
be assessed, supporting the diagnosis of site conditions.
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e Theis (1935)
e Cooper and Jacob (1946)
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1. The Theis (1935) conceptual model

The conceptual model that underlies the Theis (1935) solution is the foundation on which
all other analytical models of aquifer response to pumping are built. The Theis conceptual

model is illustrated schematically in Figure 1.
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Figure 1. Conceptual model of the Theis solution

To examine the foundations of the Theis model it is essential that its underlying
assumptions be established clearly. Important assumptions are made regarding the
aquifer, the pumping well and observation wells and background conditions. The
assumptions incorporated in the Theis conceptual model are listed on Table 1. The

assumptions are assembled into four categories.
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Table 1. Assumptions incorporated in the Theis conceptual model

The aquifer

Darcy’s Law is valid (laminar flow)

The transmissivity of the aquifer is uniform and isotropic

The aquifer is infinite in areal extent

The aquifer is perfectly confined by impermeable strata across its top and
bottom

The potentiometric surface always remains above the top of the aquifer

The release of water from storage is instantaneous and governed by linear
constitutive relations with uniform properties that remain constant through time

AW~

[e20[¢)]

The pumping well

7 There is a single pumping well

8 The pumping well penetrates the full thickness of the aquifer
9 The pumping well has an infinitesimal diameter

10 The well pumps at a constant rate

The observation wells

11 | The observation wells have infinitesimal diameters

Background conditions

12 The changes in water levels caused by pumped have been isolated from any
background temporal trends

The last assumption does not mean that the groundwater levels must be the same
everywhere at the start of pumping or that they be steady prior to the test (i.e., a flat
potentiometric surface). Nor does it mean that there cannot be changes in water levels
during the test that are not caused by pumping from the test well. Rather, the assumption
requires that the changes in groundwater levels attributable solely to pumping be
established.
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Motivation for considering the Theis model

The Theis model is clearly a highly idealized model of aquifer response to pumping. As
practitioners, we must recognize that many of the underlying assumptions will be
violated to varying degrees during actual tests. Since no actual situation will ever
conform exactly to the idealized Theis model, why do we bother even invoking the model
to interpret pumping test data? There are at least two good reasons:

1. The Theis solution can in fact be used to interpret at least a portion of almost all
pumping test data. Although the underlying assumptions of the Theis model are quite
restrictive, there is generally a portion of the test response for which the assumptions
are not violated too severely; and

2. The Theis model provides us with a benchmark against which we can assess the
observed responses to pumping and diagnose the actual conditions at our site. In
essence, checking site conditions against a list of the ideal assumptions allows us to
identify the conceptual model that best describes our own site.

Application of the Theis model provides preliminary quantitative characterization of a
site, and just as importantly, provides a starting point for the diagnosis of site conditions.
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2. The mathematics of the Theis (1935) solution

Starting from the assumptions listed in Section 1, the governing equation for transient
radial flow to a well is written as:

as 10 as
2 =T — <r<aow
Sat Trar(rar) 0<r

Here:

drawdown [L];

radial distance from the pumped well to the observation well [L];
elapsed time since the start of pumping [T];

transmissivity (= Ky x B) [L*T'];

storage coefficient (= S5 x B) [-];

m: horizontal hydraulic conductivity [LT];

Ss:  specific storage [L']; and

B: aquifer thickness [L].

The inside and outside boundary conditions are:
lierrTré (r,t) =-Q
70 or
s(o0,t) =0

The initial conditions are:

s(r,0)=0

The parameter Q denotes the pumping rate [L*T™']. A positive value of Q denotes a
withdrawal of water from the aquifer, which gives rise to a positive drawdown, that is, a
decline in water levels with respect to non-pumping conditions.

The governing equation, boundary and initial conditions comprise a classical boundary
value problem. When C.V. Theis posed the problem in 1935 with respect to transient
flow to a well, the solution was well known in the theory of heat conduction (for
example, the solution is presented in Introduction to the Mathematical Theory of the
Conduction of Heat in Solids, H.S. Carslaw, 1921). Theis’ crucial contributions to the
problem was not the solution; rather, it was his insight that an analogy could be made
between the transient flow of groundwater in porous media and the transient conduction
of heat in solids. Theis’ analogy has formed the basis for all subsequent developments in
transient groundwater hydraulics.
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The solution to the boundary-value problem set up by Theis can be derived by several
alternative integral transform methods or by successive integration using the Boltzmann
transformation. The solution for the drawdown at any distance » and elapsed time ¢ is
written as:

*1
50,0 = o [ 5 BXP (-} dy

4Tt

The integral is one version of the exponential integral, which arises in other physical
applications. Abramowitz and Stegun (1972, p. 228) define the integral as:

[ CD;EXP{—y} dy = E,(x)

The solution can be therefore be written as:

Q r2S
=~ _f |-
s(rt) = o Eniar

The function E; is slightly different in form from the “classical” exponential integral
defined as:

. Q (*1

The functions £; and Ei are closely related:
Ei(x) = —Ei(=x)

Using this last identity, the Theis solution can be written as:

Q ( 73S
S(T', t) = 471'_T —Ei {— th}l

The last equation is the form of the solution that usually appears in the petroleum
engineering literature, where it is referred to as the “line-sink” or as the “E7” solution (see
for example, Matthews and Russell, 1967; p. 11).
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Hydrogeologists write their version of the Theis solution as:
s(r,t;u) = iW(u)
4nT

Here u is the dimensionless argument of the exponential integral:

B r2sS
Y ATt

W(u) is referred to as the Theis well function.
Comparing the different forms of the Theis solution, we see that W(u) = E(u) = —Ei(-u).

The Theis well function represents a dimensionless form, sp, of the drawdown at any
radial distance r and time ¢:

4nT rZS
SD:TS(r't):W u=4—Tt

The dimensionless quantity u is inversely related to the elapsed time, so the values of //u
become progressively larger as the duration of the test continues. We are accustomed to
viewing time moving left to right; therefore, as shown in Figure 2 the Theis well function
is generally plotted on log-log axes as W(u) against //u.
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Figure 2. Theis well function

8 of 56

P:\0996-64_WSP\Notes\03_Foundations of pumping test interpretation_1\03_01_Foundations of pumping test interpretation_1_Notes.docx



3. Analyses with the Theis (1935) solution

The transmissivity and storativity can be estimated by matching the Theis solution to the
observed drawdowns with one of three ways:

e Using a type-curve matching procedure, which involves overlaying the “type
curve” of Figure 2 on a log-log plot of the observations with the same scales;

e Conducting a visual match with a computer-assisted interpretation package, which
involves moving the type curve with a mouse on a computer screen to overlie the
data; or

e Conducting an “automatic” match with a computer-assisted interpretation
package, which involves inferring the aquifer parameters from a nonlinear least
squares regression.

The type-curve matching procedure is executed by superimposing the type curve on a
plot of the observations and selecting a convenient “match point” from the two plots
[(¢,s(f)) and (u, W(u))]. The match point does not need to lie on the type curve. There are
two unknown, transmissivity and storativity, and in effect, the two “knowns” are the
vertical and horizontal offsets of the two plots. The transmissivity is estimated from:

QW)
T=u s(t)

The storativity is estimated from:
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Example analysis

Matching drawdowns with the Theis solution is illustrated with data from a test
conducted at Gridley, Illinois in July 1953 (Walton, 1970). The layout of the wells,
stratigraphy and screened intervals are reproduced in Figure 3. Well No. 3 was pumped
for 8 hours at an average rate of 220 USgpm.
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Figure 3. Gridley, Illinois pumping test layout
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The drawdowns at Well No. 1, located 824 ft from the pumping well, are plotted in
Figure 4.
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Figure 4. Drawdowns for Gridley observation Well No. 1
Data from Walton (1970)
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The type curve is superimposed on the drawdown plot in Figure 5. A convenient match
point on the type curve is (u = 1.0, W(u) = 1.0). From the figure we estimate s = 2.5 ft at
an elapsed time of 4 minutes. The transmissivity and storativity are calculated as:

192.5 ft®/day
(220gpm| gpm |) (1.0)
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Figure 5. Gridley example, Theis type-curve match
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The match to the observations obtained through a nonlinear least-squares regression fit is
shown in the Figure 6. The estimated parameter values are consistent with those obtained
from the type-curve match.
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Figure 6. Match of the drawdowns with the Theis solution
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4. The Cooper and Jacob (1945) approximation

The Theis well function can be expanded in the following infinite series:

2 3

L
2x2! 3x3!

W) =—-0.5772 — In{fu} + u —

The leading term 0.5772 is referred to as Euler’s constant.

Cooper and Jacob (1945) recognized that when u becomes sufficiently small, the Theis
well function can be approximated closely using just the first two terms of the series:

W(u) = —0.5772 — In{u}

In other words, beyond some value of u, the arithmetic value of the dimensionless
drawdown plots as a straight line against the logarithm of u. Reflecting this limiting
behavior, the Theis well function and Cooper-Jacob approximation are shown together on
a semilog plot in Figure 7. As shown in the figure, for larger values of //u the
Cooper-Jacob approximation matches the exponential integral closely. The limit of
applicability of the Cooper-Jacob approximation is typically cited to be u < 0.01
(//u>100) [see for example, Todd and Mays (2005)]. However, as shown in Figure 7,
the Cooper and Jacob approximation is still very close for larger values of u. For
example, for u = 0.1 (//u = 10), the error in the approximation is still only about 5%.

Substituting for the approximation of W(u) in the Theis solution yields:

2
st = % W) = 4% [-0.5772 — In{u}] = % l—0.5772 —In {Z_Ti}l

This solution can be rearranged using the properties of the log function:

s(r,t) = {EXP{—0.5772} x (ﬁ)} — ln{2.2459 E}

=
anT 728 AT 728

Finally, converting to log10 (which requires only the factor /n(10) = 2.303), we obtain:

0 Tt
S(T, t) = m 2.303 lOg {22459 m}
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Figure 7. Cooper-Jacob approximation of the Theis well function
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5. Overview of the Cooper-Jacob analyses of drawdown data
Three types of analyses are developed from the Cooper-Jacob approximation:
e Time-drawdown analysis

The drawdown records of individual wells are analyzed, by plotting drawdown
(arithmetic scale) versus elapsed time (log scale);

The interpretation of individual drawdown-versus-time records is a staple technique of
hydrogeologic practice.

e Distance-drawdown analysis
The drawdowns at multiple wells at a single time are analyzed, by plotting drawdown
(arithmetic scale) versus distance from the pumping well (log scale); and

e Composite analysis
The complete time-drawdown records of multiple wells are analyzed, with drawdown
(arithmetic scale) plotted against time divided by distance-squared (#/7?).

All three Cooper-Jacob Straight-Line (CJSL) analyses comprise three tasks:

1. Identification of that portion of the response that matches the Theis conceptual model
— that is, identification of a sustained interval over which the data approximate a
straight line on a semilog plot;

2. Calculation of the slope of the straight line; and

3. Estimation of the transmissivity and confined storage coefficient (storativity).

The developments of the three Cooper-Jacob analyses are presented in the following
sections.
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6. Cooper-Jacob time-drawdown analysis

The Cooper-Jacob time-drawdown analysis is developed by differentiating the Cooper-
Jacob approximation with respect to log {¢} at a fixed radial distance :

9| _ 3303 2
d[log {t}]1 o AT
Defining the SLOPE:
SLOPE = 0s = As/1 let
= 30og D s/ log cycle

the transmissivity, 7, is estimated as:

T = 2.303 1
o 41 As

The storativity is estimated by projecting the semilog straight line back to zero
drawdown. The intercept along the ¢ axis is denoted ¢.

Q
s=0.0= mZ.BOB logqo [2.2459

Tt,
r2S

This reduces to:
[2 2459 59] _ 10
. TZS -_ .
Solving for S:

Tt
S =2.2459 —-
r
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Steps in the Cooper-Jacob time-drawdown analysis

1. For a well at a fixed radial distance r, plot s vs. ¢ on semilog axes.

log cycle t

t (log axis)

2. Estimate the slope, As, from the portion of the data that approximates a straight line
(drawdown per log cycle ).

3. Estimate the intercept, o, by projecting the straight line back to zero drawdown.

4. Estimate the transmissivity and storativity.

T = 2.303 Q1
T 41 As

Tt,
S =2.2459 —°
r

5. Assess whether the estimates of 7' and S and physically realistic.
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Example analysis

The Cooper-Jacob time-drawdown analysis is illustrated with the data from the Gridley
test analyzed previously with the Theis solution. The drawdowns at Well No. 1 are
re-plotted on semilog axes in Figure 8.
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Figure 8. Drawdowns for Gridley observation Well #1
Data from Walton (1970)
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Beyond about 20 minutes, the drawdowns approximate a straight line on the semilog plot.
Fitting a straight line through this portion of the data yields a transmissivity of
10,500 gpd/ft:

220 gpm 1 11440 min d
T:2_303( gpm) | gp

it (554f)| day = 10,500 =~

Converting the transmissivity yields 1,400 ft*/d. The estimated transmissivity is close to
the value of 1,320 ft?/d estimated from the Theis analysis (Figure 6).
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Figure 7. Cooper-Jacob time-drawdown analysis for Gridley observation Well #1
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7. Motivation for using the Cooper-Jacob time-drawdown analysis

In contemporary practice, aquifer test data are generally interpreted with the aid of
computer-based analysis packages. These packages support either visual type curve
matching or automatic regression of the data. The obvious question arises: Why should
we consider methods based on the Cooper-Jacob approximation when it is just as
straightforward to use the exact Theis solution? There are at least three compelling
reasons to retain and apply both analyses.

The Theis log-log analysis has a built-in threat to its reliable application. In our opinion,
the log-log analysis tends to inappropriately focus the analyst’s attention on the data
obtained relatively soon after the start of pumping. A logarithmic axis for the drawdown
visually exaggerates the magnitude of early drawdowns. Since the function W(u)
becomes relatively flat for larger values of 1/u, it is tempting to fit the response where the
response exhibits the most distinctive curvature. As shown in Figure 8, the larger
curvature occurs for the smallest values of //u, that is, at relatively early times.
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Figure 8. Area of greatest “apparent” response in the Theis solution
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There is usually significant uncertainty associated with data collected soon after the start
of pumping:

1. The magnitudes of the early drawdowns are relatively small, so there is bound to be
some imprecision in their measurement; and

2. There is usually some noise in the data because of the adjustments in the pumping
rate that are often required at the start of a test.

Example 1

The first source of uncertainty is illustrated with the drawdown data recorded during a
pumping test conducted at Elmira, Ontario. As shown in Figure 9, this particular analysis
with the Theis type-curve focused on matching the data from the first 10 minutes of
pumping. These data are much less significant than the later drawdowns with respect to
the diagnosis of the response of the aquifer to pumping. Furthermore, the early data are
limited in their resolution. The drawdown record exhibits an interesting feature that is
characteristic of data obtained with a pressure transducer: the record shows distinct
jumps. The jumps are in fact directly related to the sensitivity of the transducer, rather
than indicating steps in the actual response or variations in the pumping rate. The jumps
make up most of the changes in water levels at the early stages of the test.
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Figure 9. Drawdown response relatively distant from the pumping well
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Example 2

Uncertainties introduced by brief variations in the pumping rate at the start of a test are
illustrated by a hypothetical example that is intended to represent typical conditions

during a pumping test. The aquifer is 5 m thick, with a horizontal hydraulic conductivity
of 10° m/sec and a specific storage of 10° m!. The aquifer is pumped for

100,000 seconds (just over 1 day). It is assumed that the pumping rate is held at a
constant rate of about 10 USgpm, except for a brief period of adjustment during the first
10 minutes. The pumping history is tabulated below and plotted in Figure 10.

Time Pumping rate Pumping rate
(minutes) (USgpm) (m?/sec)
0-5 19 1.210E-3
5-10 14 9.075E-4
10— 10 6.309E-4
0.0020 ' | ' '
0.0015 — L
m | L
[
£ y L
E i _
(]
® 0.0010 — —
(<2} — -
£
o _ -
S
= | L
a
0.0005 — —
0 20000 40000 60000 80000 100000
Time (secs)

Figure 10. Pumping history for Example 2
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We note two aspects of the variations in the pumping rate during the test:

1. The variations in the pumping rate considered in this example are typical for an actual
test. Most tests require a brief interval during which valves are adjusted to establish a
constant rate over the longer term; and

2. The duration of the period of adjustments in the pumping rate at the start of this
example are brief relative to the entire duration of the test. When plotted to full scale,
the two steps at the start appear as small blips. We might not even detect or record
these “blips”.

We will examine the drawdown at an observation well 5 m from the pumping well. The
first plot of the drawdowns at the observation well, Figure 11, is made with log-log axes,
in anticipation of an analysis with the Theis solution.
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Figure 11. Drawdown calculated at r =5 m
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In a “real-world” situation, it is possible that the very early adjustments of the pumping
rate might not even be recorded. In that case, we might be inclined to match the early
portion of the data, which is indeed matched closely with the Theis type curve. The
deviation between the Theis solution and the data at later times might be explained as a
“boundary effect”, for example. The results of the analysis are shown in Figure 12. The
estimated transmissivity is 5x10~° m%/s, half of the true transmissivity in this example. If
we concentrated on the early time data but used the pumping rate that was maintained
through almost the entire test, we could make very serious errors in our interpretations.
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Figure 12. Match with the Theis solution: Analysis #1
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The Theis solution calculated assuming a constant pumping rate of 6.309x10™* m?/s, the
rate for all but the first 10 minutes of the test, is shown in Figure 13. The estimated
parameters are identical to those specified for the example. If we chose to fit a Theis
curve to the data beyond 1,000 seconds (which is still only 16 minutes into the day-long
test), and assumed the constant rate established after 10 minutes, our interpretation is
reliable; however, we open ourselves to the accusation that we have deliberately ignored
much of our data.
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Figure 13. Match with the Theis solution: Analysis #2

27 of 56

P:\0996-64_WSP\Notes\03_Foundations of pumping test interpretation_1\03_01_Foundations of pumping test interpretation_1_Notes.docx



The early variations in the pumping rate appear to have a dramatic effect on the response
shown in Figure 13. The significance of these variations is blown out of proportion by the
use of a logarithmic axis for drawdown.

The semilog plot of the drawdowns at the observation well is shown in Figure 14. This
plot allows us to clearly see the evolution of the longer-term response, and thereby
identify the effects of the brief early variations in the pumping rate. The dashed line
shown on the plot represents the drawdown that would have been observed if the
pumping rate had remained constant throughout the test. A Cooper-Jacob interpretation
of the later time data is essentially insensitive to the early variations in the pumping rate.
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Figure 14. Drawdown calculated at r =5 m, semilog plot
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8. Choosing between the Theis and Cooper-Jacob analyses

The preceding examples suggest that analyses that focus on the earliest portion of the
drawdown response may yield unreliable estimates of aquifer properties. The examples
may have suggested that the Theis log-log analysis is prone to this problem. It is
important to note that this is not a fundamental defect in the Theis analysis. Rather, these
examples should be taken as warnings that like all analysis techniques, the Theis log-log
analysis must be applied critically. Cooper-Jacob analyses are only superior if they lead
the analyst to focus on the portion of the aquifer response that yields the most
representative estimate of transmissivity.

The key point to bear in mind is that the conceptual models that underlie the Theis and
Cooper-Jacob analyses are identical. The two analyses do not provide independent
transmissivity estimates. Rather, the two analyses are complementary. Every pumping
test analyst should employ both methods for the same set of data. The results from the
two methods should be similar, demonstrating that the interpretation is at least internally
consistent. This approach is demonstrated with a case study.

Case study

A pumping test to support a development application was conducted at a site in Kinloss
Township, southern Ontario. The test was conducted in a well open across the upper
portion of the bedrock. Key aspects of the test are indicated below.

e The depth to the water table on-site is between 2 and 4 m.

e The well is open in the upper portion of the bedrock, in the Dundee Formation, a
dolomitic limestone. The primary water-bearing zone in the bedrock is between 2 and
4 m below the overburden-bedrock contact.

e On site, the overburden is approximately 33 m thick. The overburden consists of sand
and bouldery gravel with thickness up to 27 m, underlain by a stiff, dense stony till
that is referred to locally by drillers as hardpan. The presence of the till unit results in
a confined bedrock aquifer.

The well was pumped for 1 day at an average rate of 25 Igpm (1.89x107 m*/sec).
Drawdowns were measured only in the 4-inch diameter pumping well (7, = 0.0508 m).
The drawdowns were analyzed using the Theis and Cooper-Jacob methods.
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1. Theis analysis

The Theis analysis is reproduced in Figure 15. The application of the Theis analysis for
this example appears to be a reasonable. The analyst restricted the type-curve match to
between about 20 seconds and 400 seconds. The earliest drawdown may incorporate
some wellbore losses, and the drawdowns appear to stabilize beyond 1000 seconds of
pumping.

The transmissivity estimated with the analysis is 3.2x10 m*/sec.
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Figure 15. Pumping test example, Theis analysis
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ii. Cooper-Jacob straight-line analysis

The reported Cooper-Jacob analysis is reproduced in Figure 16. The analyst identified
what appeared to be a straight line and fit that portion of the response.
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Figure 16. Pumping test example, Reported Cooper-Jacob analysis

The slope of the line drawn by the analyst is about 0.72 m per log cycle of time. If we
substitute this into the formula for the transmissivity, we obtain:

= 2303 (1.89x107° m®/sec) 1 4.8 x%10-* m?
- 4n 072m) m"/sec

The transmissivity estimated with the Cooper-Jacob analysis is about 15 times higher
than the value estimated with the Theis analysis. A qualified hydrogeologist would not
simply report both transmissivity estimates and invite the reader to choose the more
reliable value. Rather, a qualified hydrogeologist would note that the Theis and Cooper-
Jacob analyses share the same underlying conceptual model and would further note that
internally consistent analyses should yield similar transmissivity estimates.
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iii. Cooper-Jacob straight-line re-analysis

In reviewing the preceding analyses and results, we should immediately notice that the
Theis and Cooper-Jacob analyses were fit to completely different portions of the
drawdown data. The Theis analysis was applied to the data between 20 and 400 seconds.
In contrast, the semilog straight line was fit to the data that begin at about 3,000 seconds.
The data seem to fall closely on two straight lines. The question we should ask ourselves
is: Was the Cooper-Jacob analysis applied to the appropriate portion of the data?

In Figure 17, the Cooper-Jacob analysis is applied to the same portion of the data as the
Theis analysis. As shown in the figure, these data also approximate a straight line.
However, the slope of the first line is about 10.3 m per log cycle of time. If we substitute
the slope of 10.3 m per log cycle 7 into the formula for the transmissivity, we obtain:

(1.89 x 1073 m3/sec) 1

T = 2.302
3026 41 (10.3 m)

= 3.4 x 107> m?/sec

The revised transmissivity estimate is essentially the same as the estimate obtained with
the Theis analysis (3.2x10”° m?/sec).
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Figure 17. Pumping test example, Revised Cooper-Jacob analysis
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9. Introduction to Derivative Analysis
A Cooper-Jacob straight-line analysis consists of two tasks:

1. Identification of that portion of the response that matches the Theis conceptual model
— that is, identification of a sustained interval over which the data fall on a straight
line in semilog space; and

2. Calculation of the slope for application in the straight-line formula.

The identification of the portion of the response that matches the Theis conceptual model
is simplified by plotting the drawdown derivative. French petroleum engineers led by

D. Bourdet pioneered this form of data treatment (Bourdet and others, 1983; Bourdet and
others, 1989).

Bourdet and his co-workers defined the derivative as:

d[s(r, )]
Pt = Bnar

The derivative is defined with respect to the logarithm of time, rather than time itself.

This definition follows directly from the Cooper-Jacob analysis. Recalling the Theis
solution:

s(r,t) =47QT—TW(u) = 42—7,[ %dx

Substituting for the Theis solution in the definition of the derivative yields:

8 [0Q [PEXP{—x)
De () = Fana [‘W fu x d"l

_Q d © EXP{—x} 4 Ju
~ 4nT 9(u) Uu X "l a[In{t}]

_Q
= m EXP{—'LL}

_ EXP )
~ 4nT ATt
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If the Theis well function is replaced with the Cooper-Jacob approximation, the
derivative of the drawdown with respect to the natural log of time is:

Tt
2.2459 —}]

d Q
De () = 3 [471_7" ln{ r2s

This is simply:

D () = o

The fact that the derivative of the Cooper-Jacob approximation is a constant should not
come as a surprise. The Cooper-Jacob approximation is valid when drawdown plots as a
straight line against the log of time.

We recall that the slope of the straight line on the Cooper-Jacob semilog plot is:

Q
As =2.303—
s =2303,—

The ratio of the value of the slope and the value of the derivative when it approximates a
plateau is simply /n {10}, the conversion factor between the natural logarithm and the
base-10 logarithm.

Defining the dimensionless drawdown as:

Sp = 4%Ts(r, t)

The dimensionless forms for the derivative become:

e Theis solution: D,(sp) = EXP{—u}; and

e Cooper-Jacob approximation: D;(sp) = 1.0

The dimensionless form of the derivative of the Theis solution is plotted in Figure 18. As
expected, the derivative converges on the constant value given by the Cooper-Jacob

approximation. The approach to a constant value of derivative is referred to as a
“plateau” in the derivative plot.
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Since the Cooper-Jacob approximation holds at all but the earliest times, an appropriate
criterion for the interval of the response that corresponds to the Theis conceptual model is
the onset of the plateau of the derivative plot (Figure 19).
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Figure 19. Cooper-Jacob analysis with the drawdown derivative
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Example analysis with the derivative

The addition of the derivative to the semilog plot increases the defensibility of a
Cooper-Jacob straight-line (CJSL) analysis. The application of the derivative is illustrated

with data from the Gridley pumping test (Walton, 1970). As shown in Figure 20, the
simultaneous plotting of the drawdown and the derivative confirms that the derivative

reaches a plateau. The addition of the derivative helps identify in a direct visual manner

the appropriate portion of the response for the analysis.

The transmissivity is calculated directly from the value of the plateau of the derivative:
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Figure 20. Gridley pumping test, semilog drawdown and derivative plots
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10. Cooper-Jacob distance-drawdown analysis

Cooper-Jacob distance-drawdown analyses are not conducted as frequently as
time-drawdown analyses; however, they are straightforward to apply and, in many cases,
yield representative estimates of transmissivity. The analyses can be helpful in inferring
that there are zones with properties that are different with respect to the bulk of the
formation and in supporting the detection of boundaries.

The Cooper-Jacob distance-drawdown analysis is developed by differentiating the
Cooper-Jacob approximation with respect to logio {7} at a fixed elapsed time, ¢:

%I _ 3303 -2
ollog{r}ll, — 2nT
Defining the SLOPE:
SLOPE = s _ As/1 1
= 30og ) s/log cycler

the transmissivity, 7, is estimated as:

T = 2.303 1
T 2w As

The storativity is estimated by projecting the semilog straight line back to zero
drawdown. The intercept along the r axis is denoted ro.

= 0.0 = -2 2303 log |2.2459 ¢
R el =T

This reduces to:

Tt
[2.245975 = 1.0

To

Solving for §:
Tt
S =2.2459 —
To
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Steps in the Cooper-Jacob distance drawdown analysis

1. For a well at a fixed elapsed time ¢, plot s vs. » on semilog axes.

\

log cycle ™\

Y
‘\

N
N

| I (!og axis)

2. Estimate the slope, As, from the portion of the data that approximates a straight line
(drawdown per log cycle r).

3. Estimate the intercept, ro, by projecting the straight line back to zero drawdown.

4. Estimate the transmissivity and storativity.

T = 2.303 © 1
T 21 As
Tt
S =2.2459 —
To

5. Assess whether the estimates of 7" and S and physically realistic.
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Example analysis

Wenzel (1936) reported the results from a pumping test conducted in the Platte River
Valley near Grand Island, Nebraska. This was an extraordinarily well instrumented test
involving 81 observation wells. A map showing the locations of the wells is reproduced
here in Figure 21 (Jacob, 1963; Figure 74).
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Figure 21. Locations for wells for the pumping test near Grand Island, Nebraska
Reproduced from Jacob (1963)
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The pumping test was conducted at a continuous rate of 540 gpm. Wenzel (1936)
analyzed the drawdowns after 48 hours using a steady-state approach, developing

separate estimates of the transmissivity for seven of the eight lines of wells. The

drawdowns for the wells along all of the lines after 48 hours of pumping are plotted in

Figure 22.
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Figure 22. Drawdowns after 48 hours of pumping
Data from Jacob (1963; Table 2)
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For distances less than about 300 ft, the drawdowns along all of the lines approximate a
single straight line on the semilog plot. Fitting a straight line through this portion of the
data yields a transmissivity of 10,500 gpd/ft:

(540 gpm)

1440 min d
T =-2.303 T(— 3.054 ft)~! —| 8P

=93,300 —
d ft

Jacob (1963; Table 3) lists seven values of transmissivity that range from 90,000 to
102,000 gpd/ft.
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Figure 23 Cooper-Jacob distance-drawdown analysis for Grand Island pumping test
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11. Composite analyses

It is important to note that the argument for the Theis solution, u, is expressed in terms of
the ratio #/#°, where t is the elapsed time and r is the distance between an observation well
and the pumping well. The solution therefore predicts that the drawdowns for all
observation wells completed in the same homogenous aquifer should fall on same curve

if they are plotted on an axis of #/7°.

Example:

A simple example is considered to illustrate this important point. The conceptual model

for the example is illustrated in Figure 24. A fully penetrating well is pumped at a

constant rate, and the drawdown is monitored at four observation wells.
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Figure 24. Example pumping test with multiple observation wells
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The time-drawdown records for the individual wells are plotted in Figure 25.
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Figure 25. Calculated drawdowns at observation wells
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Let us re-plot the data, this time using #/#° instead of ¢ to scale elapsed time with respect
to the square of the distances between the pumping well and each observation well.
Cooper and Jacob (1946) referred to a plot of the drawdowns against #/° as a composite
plot. As predicted by the Theis solution, the individual drawdown records collapse to a
single curve on a composite plot.
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Figure 26. Drawdown data plotted vs. #/r°
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The time-drawdown records for the individual wells are re-plotted on semilog axes in
Figure 27.
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Figure 27. Calculated drawdowns at observation wells, semilog plot
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The Cooper-Jacob approximation can be re-written as:

T/t

~ 4nT r?

In this form, we see that when the approximation is valid, the drawdown is a linear
function of the logarithm of #/#°. The composite Cooper-Jacob semilog plot for the
example is shown in Figure 28. Beyond the limit of applicability of the Cooper-Jacob
approximation, the drawdowns collapse to a single straight line.
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Figure 28. Drawdown data plotted vs. #/r?
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Cooper-Jacob straight-line analysis on a composite plot

The Cooper-Jacob analysis for a composite plot is essentially identical to the
time-drawdown analysis for a single well. The analysis is developed by differentiating

the Cooper-Jacob approximation with respect to log (riz)

0
> = 2.303i

t AT
d (lo g r2)
Defining the SLOPE:

ds t
SLOPE = — N = As/log cycler—2
0 (log r_z)

the transmissivity, 7, is estimated as:

T = 2.303 1
o 41 As

The storativity is estimated by projecting the semilog straight line back to zero
drawdown. The intercept along the (#/7%) axis is denoted (#/7)o.

—0.0=-2 23031 [22459T<t)]
§ T U T g 070 0G0 [« 2 )

This reduces to:
[22459T<t> ] =1.0
’ s\rz/,l
Solving for §:

t
S =22459T ( >

TZO
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Steps in the Cooper-Jacob straight-line analysis on a composite plot

1. Plot s vs. #/7 on semilog axes:

s 1

| As

/ log cycle +/r2

y
Py

£ o _-;.-]:/rz (log axts)

|
(4,

2. Estimate the slope, As, from the portion of the data that approximates a straight line
(drawdown per log cycle #/7?).

3. Estimate the intercept, (#/7°)o, by projecting the straight line back to zero drawdown.

4. Estimate the transmissivity and storativity.

Q1
T =2303 —
4

As
—22459T( )

5. Assess whether the estimates of 7" and S and physically realistic.
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The Cooper-Jacob analysis for the example of Figure 24 is shown in Figure 29. As
expected, the slope of the straight line yields the transmissivity that was specified to
create example calculations.

5.0 \ \HHH‘ \ \HHH‘ \ \HHH‘ \ \HHH‘ \ \HHH‘ \ \HHH‘ [

SLOPE = 0.925 m/log cycle (t/r?)
Q =5%10"4 m3/s

4.5
T=2.303 Q/4r x *1/SLOPE)

=1.0 x 10 m?/s

4.0

3.5

3.0

Drawdown (m)
N
(&)

HH‘HH‘HH‘HH‘HH‘HH‘HH‘HH‘HH‘H\F

2.0
1.5
1.0
r=5m
05 ) r=10m
' V4 r=20m
o + r=30m
0.0 Fﬂﬁhﬂwﬂgﬁuw‘ RRILLL I R RN RN R

10 10™ 10° 10’ 10° 10° 10* 10°
t/r’ (seconds/m?)

Figure 29. Cooper-Jacob composite analysis
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12. Case study: Application of the Cooper-Jacob composite analysis

Schad and Teutsch (1994) reported the results of pumping tests conducted at a well-
instrumented site near Stuttgart, Germany. The published data are used to demonstrate
the application of the composite analysis. A site map is reproduced in Figure 30.

HT >~
ockar ﬂ“ i i N
N — -
G A Ty [ ] 1] Study area 7

Well Types:

Alluvial Aquifer

Q s~e"pvc

O & Stainiess Steat

A 27 Piszometer Nest

® Large Diameter Well
(@ 550 mmi

Bedrock Formation

@ s pvc

Figure 30. Site map for Horkheimer pumping test
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Well Br3 was pumped continuously at an average rate of 13.6 L/sec for four days. The
drawdown records for the four observation wells reported in Schad and Teutsch (1994)
are reproduced in Figure 31.

0‘ 1 Lo L aaaak 2o 4 s assel S O U e | i L3 3 aieal i b L bl
o

Large Scale Pumping Test (LSPT) at Br3

A

1 Q = 13.6 /s -
1 00060 well 10 distance to Br3: 15.2 m
0.3 686688 well 13 distance to Br3: 36.5 m B
¥ ] aesee well 15 distonce fo Br3: 51.3 m
well 22 distonce to Br3: B m
0000 2 Br3: 66.8

Drawdown (m)

L] LRS! T T 179

0.1 1 10 100 1000 10000
Time (min)

Figure 31. Drawdown data for selected observation wells
Reproduced from Schad and Teutsch (1994)
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Original analysis

The reporting of the pumping tests analyses in Schad and Teutsch (1994) are reproduced
below. Schad and Teutsch (1994) analyzed the drawdown records for the individual
observation wells separately, with three different transmissivity estimates derived from
different portions of the responses. Phase one corresponds to “early” time, phase two
corresponds to “intermediate” time, and phase three corresponds to “late” time.

Schad and Teutsch (1994) compiled summary statistics of the results of the individual
analyses. The reporting in their paper is reproduced below. As shown on the table, the
transmissivity estimates from the 0.029 to 0.13 m?/s, a factor of about 5.

Parameter LSPT
Number of tests performed |
Number of evaulated drawgdown curves - 15

Min Mean Max CV°©
Radial distances PW* ~ OW" 152 406 706
Transmissivity for phase two (m?s™') 0.042 0.065 0.13 0.35
Transmissivity for phase three (m?s™) 0.029 0.032 0.035 0.069
Storativity for phase two (-) 0.018 0.035 0.058 0.34
Storativity for phase three (-) 0.026 0.05 0.11 0.37

* PW is the pumping well.
b OW is the observation well.
€ CV is the coefficient of variation (standard deviation/mean).
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Alternative analysis

The drawdown data shown in Figure 31 are re-plotted on a composite plot in Figure 32.
After some early-time curvature, the drawdown data from all four observation wells
appear to approximate closely a straight line. The single straight-line analysis yields a
consistent transmissivity estimate of 0.02 m?/s. This estimate is less than smallest value
reported in Schad and Teutsch (1994).

04 | \HHH‘ | \HHH‘ | \HHH‘ | \HHH‘ | \HHH‘ Lo L
1 o well10,r=152m |
| O Well13,r=365m é C
03 — 4o  Well15,r=51.3m 4 -
0 ¢ Well22,r=66.8m O B
] 3 £ -
0.3 — [13.6L/s 1(;(;1“] /2] -
| -1 L
| T=2.3026 (0.124 m) Lo N
B 4z ) B
03 1 = 2.01x1072 m2/sec dﬂ@ -
) | @] L
E B E B
; B e L
_g 0.2 — A —
B / B
E | Oqoo |
a B A O L
02 — Oooﬂjloo —
B h\ #o |
B o |
0.1 — —
| (ﬂ |-
] Gl -
01 — o0 JX .
| 0O / |
- OOOODD%%& B

0.0 I \HHH‘ I \HHH‘ I \HHH‘ I \HHH‘ I \HHH‘ T TTTTTT
10™ 10°° 107 107 10° 10’ 10°

t/r2 (min/m2)
Figure 32. Composite analysis
54 of 56

P:\0996-64_WSP\Notes\03_Foundations of pumping test interpretation_1\03_01_Foundations of pumping test interpretation_1_Notes.docx



13. Summary of key points

1. The Theis model provides a benchmark against which the observed responses to
pumping at a particular site can be assessed. Checking site conditions against a list of
the ideal assumptions allows analysts to identify the conceptual model that best
describes their site.

2. The Cooper-Jacob method is the simplest method of interpreting pumping tests in the
hydrogeologist’s toolkit. This simplicity can be deceptive: the method frequently
yields the most reliable estimates of transmissivity. There seems to be little
appreciation of its underlying strengths.

3. The conceptual models that underlie the Theis and Cooper-Jacob analyses are
identical. The two analyses do not provide independent transmissivity estimates.
Rather, the two analyses are complementary. Therefore, it does not really make sense
to report separate transmissivity estimates derived from Theis and Cooper-Jacob
analyses of the same data. However, there is no reason why an analyst should not
employ both methods for the same set of data. Obtaining similar results with both
methods confirm that the interpretation is at least internally consistent. It is up to
analyst to identify and only report the more reliable transmissivity estimate.

4. The addition of the derivative to the semilog plot increases the defensibility of a
Cooper-Jacob straight-line (CJSL) analysis. The simultaneous plotting of the
drawdown and the derivative confirms that the derivative reaches a plateau, and helps
identify in a direct visual manner the appropriate portion of the response for the
analysis.

5. The composite plotting approach is a straightforward extension of the Cooper-Jacob
time-drawdown analysis. However, it simplifies the estimation of the representative
bulk-average transmissivity and has important diagnostic value. Hydrogeologists
should always prepare composite plots when drawdown records are available for
more than one observation well.
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NOTES ON COOPER and JAC.8 (194<)

DEvELorMeT OF Euanovs (14)+ (18)

STARTNG from (I3) :

m n
Sl,h = S As‘-k = = <2.303 A&k /4117’) tog,, (Z.ZSTtk/er 5)
L‘: ke‘

-

Divipe Born sSiDes  BY Qn :

n
sn . S <2_3°3A& /4~,r-r> log, (z.zsrt"/r—j s)
&n k=t &n ——(‘30)
n

= 2.303 = AQ (eg, (z.zs*rt“)
4T k=t @, Fp S

EXPANDING —THe (oq TERM :

n
s;,” = 2.30% = AQ,  leg, <2.25T. gk | > —{3%)
—_— —— z
&, 4T k=t 8, S ok

@ Wd‘rkmj i~ terms aF. SCPaf‘onle 4+ and

N
s;" . Z2.303 = AQ, [Lojb (__1_._755__7_-)4-(»3“({:") - 2uj,°(r‘k)]
& 4vT k=t Q.

n




ExPandmj more :

t =

&n 4T k ={ &n

Q.

-2 2 _A_& L°91° (r’&)
k=t Q,

The frst s S/mfll‘ﬁed as Hollows -

"
> AQk Log,. 22‘57‘) - (’03 2 25T Z A&
L:{ &n S l< = &n

= (og, (z_zs-r>. | Z AQ,
S Q

n k=t

N
2 AQy log, (2.251-) = lag,, /z,st)
S v S

f\

s;" = 2303 [ log, (2 st) + 2 A&k Cog, (t*)
@, 4T

-2 3 A8 Lo, (rik)
' ktl &h

2. 7

s - 2303 [ 5 284 log, (2:51) + Z A% Ly, (tF)
S

—(1)
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@ Wdrkmj N terms of rz/t

Expand (I3%) as -

5" = 2.303 Z & | log

&n 47TT ket an

n
= Z.303 = AdZk leg,,
4T k=i Qr\

- 2303 ( Log, (225
47T =

@ Wﬂ"kma In -1’ern-u of '6 "a/ane”

ExFand (’3*) as :

n
SN . 2303 > A&, [La9, (
&n drT k=t &,

4T | kot &a

. (7,2557-) - (’°3:o (_:Zi/_c ]

(z 25T Z A& oy rztk‘
o (Y

- 2 A&k L°3(, <rzck>
/<"‘l Qn ék

—(19)

['FST ane FUMFH\g—oQS‘eNa‘\L\Gh
MJe” falr'"Fm’ examf:le ]

2.257 +L09 tk ]
Sf',k ( )

= 2.303 (Z L& (og, (275T>

k=/

n

+ 3 A (g (t")) ——(f5 %)




@ WG'Tk/nj " +et‘m: OF r

Expand (/3*) as :

L

&h 4T

= Z2.3073

4nT

k=i

s . 2303 Z A@k

487

"alme " [-‘Fsr me pumping well and a

Set of observerhon ue//s ,

a.” a+ ane ‘hme 'Frr qumr/

[(03 (2251#‘)- 2 log,, (”k)]

= 48, Loﬂ:, (Z~25T'Ifk)
133 &n S

n

k=

-2 > AQk Coa (FL)) ﬁ</5,\.*>

r\

DEFINE WEIGHTED LOGARHMMIC MEANS -

e}
(oafe En = Z ——-—-—A&k Logl (_t k)
k= QA °
— % a .
lo lo rL’ = 2%k ('03/,, (r(k
90 fin T £ — )

o (] -

2 A@k (,09‘0 <

1

{
-t
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1. SUBSTIVING (@A) and N (]4) vews -
Sgn = Z2.%3 (Logl (Z-Z5T) + (_09’° Zn -2 Coah T"E.n
Q 4T =
2. susstmmng (©) N (IS) viewos -
5% = 2303 /[ (leg, (z'. 257') ~ Cog,, / ,—t,z)n) —(18)
a. foT s 2

3.  suBsSTTUNRNG @ IN (/5*) YIELDS :

n -
5{0 -~ 2.303 > A&k [03’0 (Z.ZST) + ('°3;° tn)
&n 41TT k={ &f’ rtk

4. sSUBsTWUING N (I5x%) Yiews -

5" = 2.203 > A& 603:0 (Z.fsT'f“) - 2 (_03'0 'F‘,n
&n 477- kcl &n 5

2303 (L S &Y Lo (é_z_s_:vi> — log, T
7T \ 2 ke Q. S
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Pollowng oy’ defnchons of (og, 1" and Llog, Ty ,
can # be shown my (3) and (4) are equualent o
Cooper and Jaceb's (17) and (1<), re:fec-lwe/y?

(o (2.25TZ,,*) z
o (—a=——

> 4% (o, (225T¢)
S = Qn S

k=(

L03,° FI:S ) : Z A&k ("’910 2.25T
2.25T

- S AQ 2.2 - 2
EESCAE SRENE)

0
= (log, (—2-;—5—7;) - 2? A—gL tog (o)
= ~
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s
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N
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W
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~—e
{
N
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